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THE METHOD OF LYAPUNOV ROTATIONAL FUNCTIONS FOR FINDING
OSCILILATING CONDITIONS

Let us call some closed region G of an n-dimensional

space toroidal, if it may be obtained from a topological torus

or from the spherical neighborhood of a circle T by means of

the exclusion of not more than a finite number of regions entire-
1y embedded in T. A toroidal area which does not coincide with
the torus is, for example, the space enclosed between two torus
surfaces. To each point of a toroidal region may be ascribed

an angular coordinate which determines the meridional surface

upon which this point lies.

Definition 1.

We shall say that the trajectory ¢(P,!) of a dynamic sys-
tem(%h=f4xhxm.”,xa,entirely‘embedded in G, determines an oscilla-l
téry regime with respect to G if:a)e(P,?) is stable according to
Poisson; b) there exists such a number 7, >0, that during the time
interval <% the point ¢=o(P, #) intersects each meridional

surface once and only once.

The regime described by a trajectory satisfying b) and
not satisfying condition : a) will be called asymptotic to the

oscillatory regime.
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Definition 2

We shall call the function

F (xl, Loy oo )y Xp)

V,\',,\“,,... Xp) = =
(vy, X2 » AR Folx, xp .00 xp)

the Lyapunov rotational function with respect to the closed
function G, if the following conditions are satisfied: Fl and
F2 are continuously differentiable functione in G; 2) equa-"
tion.Fl‘CFzzo: —oo LK+ oo, constitutes the equation of a

bundle of surfaces, the axis of Whioh does not pass through

the points of G, the surfaces V= 4 oo &V = — o0coinciding with
the surface Flu,x,...,x) =0 (3); eachn surface of the bundle
F,—CF,=V intersects G; 4) each point of G belongs to

one of Tthe surfaces of the bundle.

Let us consider a derivative of  V(x, A5..-»Xn),  taken
by virtue of the system of equations x| dt=fi (X, Xy o0 Xy,

i.e., let us consider the expression

n

F, OF.
S (G R=g2n)n
‘_1—‘{_ i1 [ ; : H
dt — F? CRE T LX)

Taking into account that Fi/Fa=C* thig expression may

be rewritten as

n
3 (=G n)
av . =2 dx, dx;
== C*=T(x, Xy, ..., x5 C2

dt e Ff(x‘.x?...,xn)

Along the integral curve, C may be regarded as a function
of t.



In addition let us consider separately the value of dV/dl
on the surface V=0, i.e. on the surface F;=0. dVldt nas the

.

following form

n
dF;
av EIEEL | )
a4 = A= — B(xy, Xo, . -.s Xn)
\|d! > =0 Fy (s, e

Using these designations, we formulate a theoren.

Theorem 1
"If all the trajectories of the system enter into the 1in-
terior of G through all the boundary points of a toroildal closed
region G that contains no singular points, and if with respect
to G there exists a Lyapunov rotational function V = C, for which
II‘[>a2>0'

and |B|[>«*>0 for the points of G, then G con-

tains an oscillatory regime."

Let us consider an arbitrary internal point P, of the
region G, lying on the surface V = 0; when t = 0; since, under

the condition of the theorem,
vy’ 2
(W%ﬂ>a>m'

it follows that the phase point when t > 0 cannot remain on the
surface V = 0 and will pass to surfaces corresponding to larger

values of C; since for any value of C that differs from zery
av o
(d—t’)c > aC,

the trajectory will pass to higher values of C when t increases,



i.e., along the trajectory C may be considered as a monotonic

function of t and, consequently, along the trajectory Z‘:‘,=§'

We
shall show that after a finite time interval the trajectory

will emerge to fae surface C = -+ oo.

We shall find this time interval from the equality

We have

& , .
‘ dc ac
ng av/di +§ avidt °
J \

where 3 is so small that for 0JC<& dV/di>71,>0; we have

8 .

S dC 3
dVidt Ys ®

0

Let us evaluate the 'second integral:

Ne~-) oo (=]

S dC _S dC - 1 CdC_ 1 10 1
) dvidt _“s_mc_=<‘an Sc"‘f“ a? [“ C]s=a28’
8

Thus s .
T<';;+;ga-
The same evaluation also takes place for intervals of the

change of C from -+ to 0, from O to —o and from —oo to 0.

If we now introduce the angular coordinate ¢ by means of
the formula f¢=C, it is ctlear that the phase point will return
to the 1nitial surface if o passes from 0 to 2% i.e., C will

pass from 0 to 4o from—oo to 0, from 0 to —oo ,» and from —oo



to 0.
Since the evaluatlion carried out by us is suitable for
each of these intervals of change of C, after a time period of

e+ )

the phase point will return to the initial surface.

Thus each trajectory which begins in G on the surface
C = 0 will describe either an osclillatory regime or a regime
that 1s asymtotic to an oscillatory one. Op the basis of the
general theorems, we conclude that within G there will be a
recurrent trajectory, apparently different from a singular point.
This recurrent trajectory will already satisfy both conditions
a) and b). The numbers D¥ and 2n/x, will characterize the am-

plitude and the frequency of the obtained oscillatory regime.

Example
We are considering the'system
T =Y+extP,(x, ),

g—{—{ =—x -} 5x2Q1 ()C, y)'

“%:—ZT*-R()C,)’),

where P,QuR(x,Y) are continuous in the toroidal region

P4+ 1<K 0z <a

If the following conditions are fulfilled:

3
Diameter of the region Cm.



0-R(x,y)<a nma r2<x®+y* <K,
xP+3yQ>0  anx xXE+y=r%
xP+yQ <0 s XPHyt=RY

then in a selected toroidal region there will be an oscillatory

regime for those values of & for which the inequalities
—1+e?Q <0, Lo exzlEOIPIn

are valid in the toroidal region. Along this path 1t 1s easy
to construct examples of systems which possess a preassigned

number of geometrically different oscillation regimes.

Definition 3

We shall call the closed set S a local cross section of
the trajectory flﬁx, if there exists such a number T, not de-
‘pending upon the choice of the point S, that every arc f(P,—T,+T)
of the trajectory ¢(P.1), which emerges from S when t = 0, has

only one point in common with S.

Using the Brauer theorem concerning the existence of a
fixed transformation point, the following theorem may be esta-

blished:

Theorem 2

“Let G be a toroidal region, let it have the cross sec-

(n-1)

tion S » Wwhich 1s an element of the dimensionality n-1, and



let this element be a local cross section of the trajectory flux

passing through sln-1) Then, if each trajectory ¢(P. %,  which
originates in the points of S(n*l) returns again to S(n—l) for

some value t = w, then a periodic solution exists within G."

On the basis of theorems 2 and 1, it is easy to disclose
the existence of a periodic solution for a dynamic systém such
a5 the example considered above.

It is of interest to‘ﬁote‘that on the basis of this
principle an oscillatory egimé was found in an article by Rauch (1).
Essentially, the same considerations from the basis of some exam- \
- ples dealt with in the well-known study by A.A.Andronov, N.N.

Bautin, and G.S. Gorelik (2).

Finally, let us femark that the theorems under conside-
ration are not required for the investigation of sysﬁems on a
phase plne, since on a plané the exlstence of an annular region,
into which all the trajectories enter, 1s alfeady sufficient for
the existence of a periodic solutlon; whereas, as has been shown
by an example of.Fﬁller, the presence of toroidal area, into
which enter all the trajectories, guarantees the existence
neither of periodic solutions in this region, nor of an os-

cillatory regime in our sense.
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